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Violation of the no-signaling principle may occur in PT -symmetric evolutions, that is, evolutions
that stem from Hamiltonians that are symmetric with respect to parity and time-reversal, of bipartite
entangled states. The violation can be avoided by using a non-conventional inner product. We show
that even within the formalism that utilizes the conventional Dirac inner product between physical
state vectors, it is possible to obtain instances of local preservation of the no-signaling principle
for evolutions corresponding to PT -symmetric non-hermitian Hamiltonians with real eigenvalues, of
multiparty entangled states, whose bipartite versions still violate the principle. The phenomenon can
be witnessed already by using the Greenberger-Horne-Zeilinger state. Interestingly, the generalized
W states do not support such a local preservation of no-signaling.
I. INTRODUCTION
A hermitian Hamiltonian and a corresponding unitary
dynamics form one of the basic postulates of the stan-
dard quantum mechanical description of physical systems
[1]. However, like all the other postulates of quantum
mechanics, the postulate governing quantum dynamics
has also been “tweaked”, and one of them is the pro-
posal to use evolutions corresponding to non-hermitian
Hamiltonians with real eigenvalues that are symmetric
with respect to parity and time-reversal [2]. Such “PT -
symmetric” Hamiltonians with real eigenvalues does not
lead to unitary evolutions via the usual exponentiation,
and their eigenvectors corresponding to distinct eigen-
values are in general not orthogonal. The exponentiated
PT -symmetric Hamiltonian, when used as the evolution
operator, does not preserve the normalization of the in-
put state, and the usual escape is to renormalize the out-
put, before being used for further study. See [3–7] and
references therein for further properties and subtleties.
PT -symmetric theory has found use in several areas,
although such treatments remain contentious. See e.g.
[8–19] and references therein. In particular, it has re-
cently been shown in [12] that local operation of the
evolution operator, on an entangled shared state [20],
corresponding to a PT -symmetric Hamiltonian violates
the no-signaling principle. The question has been re-
addressed, and in particular, in Refs. [16, 18], it has been
shown that an altered inner product of the associated
state space can lead to a resurrection of the no-signaling
principle.
The no-signaling principle states that instantaneous
communication of discernable information at a distance
is not possible. The principle has been a guiding one in
physical theories, and it is natural to see its status in a
PT -symmetric physical theory. It is intriguing to note
here that a general probabilistic description of a physi-
cal system allows stronger correlations than are allowed
by quantum mechanics, and in particular, can violate a
Bell inequality [21] stronger than any quantum correlated
state. See [22], and references thereto.
Multiparty entanglement is known to lead to phenom-
ena and provide utility that bipartite entanglement is
not able or not efficient for [20]. It is therefore natu-
ral to investigate the status of the no-signaling princi-
ple within a PT -symmetric physical theory in a multi-
party setting. We find that while remaining within the
sphere of the traditional inner product of Hilbert spaces,
there exists PT -symmetric non-hermitian Hamiltonians
with real eigenvalues that satisfies the no-signaling prin-
ciple in a multiparty setting for a given multiparty en-
tangled state, while the same state when considered in
a bipartite setting leads to signaling for the same non-
hermitian Hamiltonian. This can be seen already for the
Greenberger-Horne-Zeilinger (GHZ) [23]. The general-
ized W states in the computational basis, however, do
not support the phenomenon of local preservation of no-
signaling [24].
The rest of the paper is organized as follows. In Sec-
tion II, we discuss the most general two-dimensional PT -
symmetric Hamiltonian. The result in [12] for bipartite
systems has been reproduced in Section III. The multi-
party setting is taken up in Section IV. We present a
conclusion Section V.
II. HAMILTONIAN OF A PT -SYMMETRIC
SPIN-1/2 SYSTEM
The most general PT -symmetric Hamiltonian of a sys-
tem described on a two-dimensional complex Hilbert
space is JHPT , where HPT given by [6]
HPT =
(
r + t cos ξ − is sin ξ is cos ξ + t sin ξ
is cos ξ + t sin ξ r − t cos ξ + is sin ξ
)
,
(1)
where r, s, t, ξ are real parameters. J is a nonzero real
number that has the unit of “energy”, so that the other
parameters are dimensionless. The operators correspond-
ing to parity (P ) and time-reversal (T ) are respectively
P =
(
cos φ˜ sin φ˜
sin φ˜ − cos φ˜
)
,
with a real φ˜, and complex conjugation in the computa-
tional basis, which is the eigenbasis of the Pauli σz oper-
ator [6]. Here we are concerned with the family of HPT
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2having real eigenvalues, for which we need s2 ≤ t2. Sub-
stituting sinα = s/t, the real eigenvalues of JHPT are
E± = J(r ± t cosα), with the corresponding eigenstates
being
|E±(α)〉 = 1
N1
(
sinα cos ξ/2− i(1∓ cosα) cos ξ/2
sinα cos ξ/2 + i(1∓ cosα) cos ξ/2
)
,
(2)
where N1 =
√
2(1∓ cosα) cosα is the normalization
constant. It should be noted that unlike eigenstates of a
hermitian operator, |E+(α)〉 and |E−(α)〉 are nonorthog-
onal states, and they coincide with each other at α =
±pi/2.
III. BIPARTITE ENTANGLED STATE AND
VIOLATION OF NO-SIGNALING PRINCIPLE
It has been shown in Ref. [12] that a bipartite entan-
gled state of a system consisting of two spin-1/2 systems
described by local PT -symmetric Hamiltonians can be
used to violate the no-signaling principle. We present
that analysis below for the evolution corresponding to
the most general PT -symmetric Hamiltonian acting on
one of the two spins-1/2.
Let Alice and Bob be in two space-like separated loca-
tions, sharing the maximally entangled state given by
|ψ〉AB = 1√
2
(|00〉+ |11〉), (3)
where |0〉 and |1〉 are eigenstates of the Pauli σz operator.
Let the corresponding density matrix be ρAB , so that
ρAB = |ψ〉AB〈ψ|. Then under any unitary dynamics by
Alice, the reduced density matrix of Bob is
ρB =
1
2
(
1 0
0 1
)
, (4)
before as well as after the evolution. This is the no-
signaling condition for the maximally entangled state
within quantum evolutions, which says that the prob-
ability distribution of outcomes of Bob is unaffected by
Alice’s choice of quantum operations. Indeed, the no-
signaling holds even if Alice chooses to perform a unitary
operation on an augmented system on her side.
If Alice evolves her part of the shared maximally en-
tangled state by using the PT -symmetric Hamiltonian
given in Eq.(1), then the composite state reduces to
|ψ〉UAB = U ⊗ I
(
1√
2
(|00〉+ |11〉)
)
(5)
=
1√
2
(U |0〉 ⊗ |0〉+ U |1〉 ⊗ |1〉) ,
where the non-unitary evolution U = e−iHPT τ , where
τ = Jτ ′/~, with τ ′ playing the role of “time”. The
operator I denotes the identity operator on the two-
dimensional complex Hilbert space, C2. The composite
density matrix becomes
ρUAB = U ⊗ IρABU† ⊗ I. (6)
Now by taking partial trace of Alice’s part, the reduced
state of Bob, after renormalization, is obtained as
ρUB = TrA[ρ
U
AB ] =
1
N2
(
b1 b4
b3 b2
)
, (7)
where N2 = 2(2 sec2 α sin2 t1 + cos(2t1)), and
b1 = − tanα sin(2t1) sin ξ + 2 sec2 α sin2 t1 + cos(2t1),
b2 = tanα sin(2t1) sin ξ + 2 sec
2 α sin2 t1 + cos(2t1),
b3 = 2 tanα sin t1 (cos t1 cos ξ + i secα sin t1) ,
b4 = 2 tanα sin t1 (cos t1 cos ξ − i secα sin t1) . (8)
Here t1 = tτ cosα.
The no-signaling principle is satisfied if ρUB = I/2.
However, that happens only if α = 0 or t1 = 0. α = 0
leads to a hermitian HPT . t1 = 0 implies t = 0,
which again leads to a hermitian HPT as then s = 0, or
τ = 0, which means that the evolution did not happen,
or α = ±pi/2, which is the case when the eigenvectors of
the PT -symmetric Hamiltonian coincide. So, except for
the case when α = ±pi/2, all other PT -symmetric non-
hermitian Hamiltonians with real eigenvalues lead to sig-
naling of information by using the pre-shared maximally
entangled state, consistent with the result obtained in
[12].
IV. THE MULTISITE SCENARIO
The beautiful simplicity of the case of two spins-1/2
with respect to PT -symmetric evolutions and the no-
signaling principle, becomes far richer already for three
spins-1/2. We now suppose that Alice, Bob, and Charu
pre-share a state, possibly entangled, of three spins-
1/2, and Alice applies a PT -symmetric “spin” on her
spin. Application of a unitary evolution by Alice will of
course not lead to any signaling of information to Bob
and Charu. We are therefore interested in situations
where Alice applies the evolution corresponding to a PT -
symmetric non-hermitian Hamiltonian with real eigenval-
ues. If Bob and Charu are together at the same location,
then the analysis of the preceding section applies, and
there is always (except for the symmetry-breaking points
at α = ±pi/2) a violation of the no-signaling principle
for a state that is maximally entangled in the Alice ver-
sus Bob-Charu bipartition. However, if Bob and Charu
are far apart, and all the three observers are mutually
in space-like separated locations, then we show below
that the no-signaling principle can be satisfied even for
some non-hermitian PT -symmetric Hamiltonians with
3real eigenvalues with a state that is still maximally en-
tangled in the Alice versus Bob-Charu bipartition. Ac-
tually, we consider below also cases where the Alice to
Bob-Charu bipartition is non-maximally entangled.
A. When the three parties share a generalized
GHZ state
If the state shared between Alice, Bob, and Charu is
the generalized GHZ state given by
|ψ1〉ABCG = cos θ|000〉+ sin θ|111〉, (9)
the corresponding density matrix is ρABCG =
|ψ1〉ABCG〈ψ1|, and the joint reduced state of Bob and
Charu obtained after taking the partial trace on Alice’s
part is
ρBCG = TrA[ρABCG ] =

cos2 θ 0 0 0
0 0 0 0
0 0 0 0
0 0 0 sin2 θ
 . (10)
The reduced states of Bob and Charu are
ρBG = TrAB [ρABCG ] =
(
cos2 θ 0
0 sin2 θ
)
= ρCG . (11)
Now let us assume that Alice evolves her part using the
PT -symmetric Hamiltonian JHPT (U = e−iHPT τ ) given
by Eq.(1), while Bob and Charu do not evolve their parts.
Then the composite density ρABCG at time τ ′ becomes
ρUABCG = U ⊗ I⊗ I(ρABCG)U† ⊗ I⊗ I, (12)
where a renormalization is implicitly assumed. The joint
reduced state of Bob and Charu after Alice’s application
of U and after renormalization is
ρUBCG = TrA[ρ
U
ABCG ] =
1
N3

b1 cos
2 θ 0 0 2b4 cos θ
0 0 0 0
0 0 0 0
2b3 cos θ 0 0 b2 sin
2 θ
 ,
and the density matrices of Bob and Charu are given by
ρUBG = TrAC [ρ
U
ABCG ] =
1
N3
(
b1 cos
2 θ 0
0 b2 sin
2 θ
)
= ρUCG ,
where N3 = sec2 α − tanα(tanα cos(2t1) +
cos(2θ) sin(2t1) sin ξ) and t1 = tτ cosα. Here, b1,
b2, b3, and b4 are given by (8).
It may be noted that the state |ψ1〉ABCG is equivalent
to the state cos θ|00〉+sin θ|11〉 in the bipartite scenario,
when Bob and Charu are at the same location. And
for θ = pi/4, the state the maximally entangled state
considered in the preceding section.
Comparing ρUBCG with ρBCG , we find that the no-
signaling principle is satisfied (ρUBCG = ρBCG) if and only
if t1 = 0 or α = 0, consistent with the calculations of the
preceding section. As we have discussed in the preceding
section, t1 = tτ cosα = 0 or α = 0 convert the PT -
symmetric Hamiltonian to a hermitian one, except when
α = ±pi/2, where HPT has equal eigenvectors. Hence
we can claim that for the scenario where Bob and Charu
are at the same location, the no-signaling principle is vio-
lated if the local operation on Alice’s part is implemented
by resorting to a PT -symmetric non-hermitian Hamilto-
nian with real eigenvalues. However, if Bob and Charu
are at separate locations, we need to compare the post-
evolution reduced density matrices of Bob and Charu,
viz. ρUBG and ρ
U
CG
respectively, with the initial ones, viz.
ρBG and ρCG respectively.
We find that again there is violation of the no-signaling
principle, so that ρUBG 6= ρBG and ρUCG 6= ρCG , except
for the surface of the parameter space given by ξ = 0.
On the surface ξ = 0, we find that for arbitrary θ, and
for arbitrary r, s, t, J , τ ′, the no-signaling condition
holds true for the local systems, i.e., ρUBG = ρBG and
ρUCG = ρCG . Here, θ, r, s, t, J , τ
′ are all real, J and τ ′
are also nonzero, and s2 < t2.
We therefore find that there can be multiparty states
for which nontrivial non-hermitian PT -symmetric Hamil-
tonians with real eigenvalues that can give rise to vio-
lation of no-signaling when some of the parties sharing
the multiparty state are together, while the no-signaling
holds when they are all far apart. We term this as “local
preservation of no-signaling”. It is to be noted that there
are ample PT -symmetric Hamiltonians with real eigen-
values which do violate the no-signaling principle for the
same shared states.
While we have used non-unitary operators to perform
time evolution of the system, if we consider the usual
quantum measurements to distinguish between the states
ρUBCG and ρBCG before and after the evolution at Alice’s
end, then we will obtain a quantification of the amount
of violation of the no-signaling principle, for the given
shared state. Since a quantum evolution at Alice would
have kept the state at Bob and Charu invariant, the same
quantity is a measure of the amount by which we have
violated quantum mechanics for the given shared state.
Consider a source creating either of a pair of quantum
states, ρ1 and ρ2, with equal probabilities. The maximum
probability of “minimum error discrimination” between
the states by the best quantum measurement strategy is
given by the Helstrom quantity [25]
P =
1
2
+
1
4
||ρ1 − ρ2||1. (13)
We use this probability as the distinguishing quantity
between the pre- and post-measurement states.
In the case of a generalizedGHZ state, the best success
probability of discriminating between ρBCG and ρUBCG is
given by
PGHZ =
1
2
+
1
4
||ρUBCG − ρBCG ||1. (14)
4The four eigenvalues of ρd1 = ρUBCG − ρBCG are λ1 = 0,
λ2 = 0,
λ3 =
1
4N4
[
cosα sin(2θ) sin t1
(
− 4 cos2 α cos(4θ) sin2 ξ
+cos(2α)(cos(2ξ) + 3)− cos(2t1){4 cos2 α cos(4θ) sin2 ξ
− cos(2α)(cos(2ξ) + 3)− cos(2ξ) + 5}
+cos(2ξ) + 11
)−1/2]
,
and λ4 = −λ3, where N4 =
sinα cosα cos(2θ) sin(2t1) sin ξ + sin
2 α cos(2t1) − 1.
Now Eq. (14) can now be rewritten as
PGHZ =
1
2
(1 + |λ3|) (15)
We found that the best success probability of discrim-
inating between ρBCG and ρUBCG is ≈ 0.786, obtained at
t1 ≈ pi/18, θ ≈ 0.519, ξ ≈ pi/2, and α ≈ 9pi/20. The
plot of the maximum success probability of discriminat-
ing between ρBCG and ρUBCG (PGHZ) as function of θ at
t1 = pi/18, ξ = pi/2 and α = 9pi/20 is given in Fig. 1
(blue dashed line). One important surface in the param-
eter space is the ξ = 0 one, and on this surface, if we
perform an optimization of the minimum error probabil-
ity of discrimination, for an arbitrary fixed θ, we obtain
a profile as exhibited in Fig. 2. In the succeeding sub-
section, we discuss the issue of local preservation of the
no-signaling principle using generalized W states.
B. When the three parties share a generalized W
state
If the state shared between Alice, Bob, and Charu is a
generalized W state, given by
|ψ2〉ABCW = sin θ cosφ|001〉+ sin θ sinφ|010〉
+cos θ|100〉, (16)
the corresponding density matrix is ρABCW =
|ψ2〉ABCW 〈ψ2|, so that the joint reduced density matrix
of Bob and Charu is obtained as
ρBCW = TrA[ρABCW ] =
cos2 θ 0 0 0
0 cos2 φ sin2 θ cosφ sin2 θ sinφ 0
0 cosφ sin2 θ sinφ sin2 θ sin2 φ 0
0 0 0 0
 ,
(17)
and the reduced density matrices of Bob and Charu are
ρBW = TrAC [ρABCW ]
=
(
sin2 θ cos2 φ+ cos2 θ 0
0 sin2 θ sin2 φ
)
(18)
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Figure 1: Maximum success probability of minimum error
discrimination between states before and after evolution with
PT -symmetric Hamiltonians. For the blue dashed profile, the
horizontal axis is the parameter θ of the generalized GHZ
state. The vertical axis is the maximal probability of mini-
mum error discrimination between the joint states of Bob and
Charu before and after evolution by Alice with the Hamilto-
nian JHPT , when the three parties share a generalized GHZ
state, where t1 = pi/18, ξ = pi/2, and α = 9pi/20. The
highest probability obtained in the entire parameter space
(of the shared state and the evolution) lies on this profile at
θ ≈ 0.519. The green continuous curve is for the case when
the three-party shared state is the generalized W state, and
where α = 2pi
5
, ξ = pi
2
, t1 = 0.3479, and φ = pi4 . Again, the
highest probability obtained in the entire parameter space lies
on this slice, and is at θ ≈ pi/3. We have performed the same
analysis for more general states, and much higher probabil-
ities can be obtained in such cases. The horizontal axis is
measured in radians, while the vertical one is dimensionless,
for both the curves.
and
ρCW = TrAC [ρABCW ]
=
(
sin2 θ sin2 φ+ cos2 θ 0
0 sin2 θ cos2 φ
)
(19)
respectively.
If Alice evolves her part using the PT -symmetric
Hamiltonian JHPT given by Eq. (1), then the composite
system ρABCW at time τ ′ can be written as
ρUABCW = U ⊗ I⊗ I(ρABCW )U† ⊗ I⊗ I, (20)
where a renormalization is implicitly assumed. After the
local operation, the joint reduced state of Bob and Charu
is
50 Π
4
Π
2
0.5
0.6
0.7
0.75
0.8
0.9
1.
Θ
P
G
H
Z
Figure 2: How much violation of no-signaling is present when
it is avoided locally for generalized GHZ states? The horizon-
tal axis represents the parameter θ of the generalized GHZ
state. The vertical axis represents the maximal probability of
success for minimum error discrimination between the joint
states at Bob and Charu before and after an evolution by
Alice with a PT -symmetric non-hermitian Hamiltonian with
real eigenvalues, maximized over all parameters of the Hamil-
tonian but on the surface ξ = 0, and when the shared state
is a generalized GHZ state. The horizontal axis is in radians,
while the vertical one is dimensionless.
ρUBCW = TrA[ρ
U
ABCW ] =
1
N5

b2 cos
2 θ 2b3 cos θ cosφ sin θ 2b4 cos θ sin θ sinφ 0
2b3 cos θ sin θ sinφ b1 cos
2 φ sin2 θ b1 cosφ sin
2 θ sinφ 0
2b4 cos θ cosφ sin θ b1 cosφ sin
2 θ sinφ b1 sin
2 θ sin2 φ 0
0 0 0 0
 ,
with N5 = sec2 α + tanα(cos(2θ) sin ξ sin(2t1) −
tanα cos(2t1)), and where b1, b2, b3, b4 are given in (8).
The reduced states of Bob and Charu are
ρUBW =
1
N5
(
b1 sin
2 θ cos2 φ+ b2 cos
2 θ 2b3 cos θ cosφ sin θ
2b4 cos θ sin θ sinφ b1 sin
2 θ sin2 φ
)
and
ρUCW =
1
N5
(
b1 sin
2 θ sin2 φ+ b2 cos
2 θ 2b4 cos θ sin θ sinφ
2b3 cos θ cosφ sin θ b1 sin
2 θ cos2 φ
)
respectively. Unlike for the generalized GHZ states, the
generalized W states however do not provide a nontriv-
ial non-hermitian Hamiltonian within the PT -symmetric
class for which the no-signaling principle can be saved
even locally.
Even though the no-signaling principle is violated both
globally and locally by the generalized W states, the val-
ues attained by the probabilities for minimum error dis-
crimination between ρUBCW and ρBCW are comparable to
the generalized GHZ case. The said probability is given
by
PW =
1
2
+
1
4
||ρUBCW − ρBCW ||1. (21)
The four eigenvalues of ρd2 = ρUBCW − ρBCW are δ1 = 0,
δ2 = 0,
δ3 =
1
4N6
[
secα sin(2θ) sin t1
(
− 2 sin2 ξ{cos(4θ)
−2 sin2(2θ)(cos(2α) + 2 cos2 α cos(2t1))}
+2 sin(2φ){2 cos(2α) cos2 ξ + (cos(2α)− 3) cos(2t1)}
+cos(2ξ){sin(2φ) (4 cos2 α cos(2t1) + 2)− 1}
+10 sin(2φ) + 1
)−1/2]
,
where N6 = sec2 α + tanα(cos(2θ) sin(ξ) sin(2t1) −
tanα cos(2t1)). and δ4 = −δ3. Therefore, Eq. (21) can
be rewritten as
PW =
1
2
(1 + |δ3|) . (22)
6The maximum value of this success probability is at-
tained at α ≈ 2pi5 , ξ ≈ pi2 , t1 ≈ 0.3479, φ ≈ pi4 and
θ ≈ pi/3, and the corresponding maximum value is ap-
proximately 0.781, not far from that in the case of gen-
eralized GHZ states. A slice of the multidimensional PW
surface, as a function of θ is plotted in Fig. 1 (green
continuous profile).
V. CONCLUSION
The PT -symmetric dynamics can be seen as going be-
yond the unitary dynamics of quantum mechanics while
still retaining the standard static and measurement de-
scriptions within the Hilbert space description of physi-
cal systems using the Dirac inner product between state
vectors. It is known that the formalism can violate the
no-signaling principle by using entangled state vectors of
bipartite physical systems. It has already been noticed
before that the no-signaling principle can be restored by
using a non-conventional inner product. We showed that
the use of multiparty entangled states can give rise to
a situation where, even without wandering beyond the
standard Dirac inner product of Hilbert spaces, the no-
signaling principle is recovered at the local level of the
different parties of the multiparty state, while the global
system still violates the principle. We find that while the
generalized Greenberger-Horne-Zeilinger states do sup-
port such a local preservation of no-signaling, the gener-
alized W states do not.
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